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ABSTRACT
In a non-spherical stellar explosion, non-radial motions become important near the stellar surface.
For realistic deviations from spherical symmetry, non-radial flow dramatically alters the dynamics
and emission of shock emergence on a significant fraction of the surface. The breakout flash is stifled,
ejecta speeds are limited, and matter is cast sideways. Non-radial ejection allows for collisions outside
the star, which may engender a new type of transient. Strongly oblique breakouts are most easily
produced in compact stellar progenitors, such as white dwarfs and stripped-envelope core collapse
supernovae. We study the shock structure and post-shock acceleration using conservation laws, a
similarity analysis, and an approximate theory for oblique shocks. The shock is likely to extend
vertically from the stellar surface, then kink before joining a deep asymptotic solution. Outflow from
the region crossed by an oblique shock is probably unsteady and may affect the surface ahead of
the main shock. We comment on the implications for several notable explosions in which the non-
spherical dynamics described in this paper are likely to play an important role. We also briefly consider
relativistic and superluminal pattern speeds.
Subject headings: gamma rays: bursts – hydrodynamics – shock waves – (stars): supernovae: general
– (stars): supernovae: individual (SN 1998bw, SN 2003lw, SN 2006aj, SN 2008D,
SN 2010jp, SN 2011dh) – X-rays: bursts
1. INTRODUCTION
The arrival of a supernova explosion at the surface of
its host star sparks several transient and high-energy
phenomena. It marks with a flash the beginning of
the electromagnetic display, as the post-shock radia-
tion field is revealed to observers (Klein & Chevalier
1978; Imshennik & Nadezhin 1989). Thanks to a whip-
like acceleration in progressively more diffuse layers of
the stellar envelope (Gandel’Man & Frank-Kamenetskii
1956), shock emergence also involves the fastest ejecta
– those which dominate the early light curve and
early radio or X-ray emission in circumstellar in-
teractions (Lundqvist & Fransson 1988; Nymark et al.
2006). Sufficiently compact and energetic super-
novae generate relativistic ejecta (Matzner & McKee
1999; Tan et al. 2001), which can create γ-ray or
X-ray flashes, accelerate high-energy cosmic rays
(Budnik et al. 2008), and spall light nuclei (Fields et al.
2002; Nakamura et al. 2006) in a collision with mat-
ter around the star. Breakouts or breakout-induced
interactions have been invoked for the transients ob-
served in supernovae 1998bw (Matzner & McKee 1999;
Tan et al. 2001) and 2008D (Chevalier & Fransson 2008;
Li 2008), for the ionization of a circumstellar nebula in
1987A (Lundqvist & Fransson 1988), and for the exci-
tation of thermal dust echoes in the Cas A remnant
(Dwek & Arendt 2008).
Indeed, relativistic shock breakouts (Nakar & Sari
matzner@astro.utoronto.ca
1 Department of Astronomy & Astrophysics, University of
Toronto, 50 St. George St., Toronto, ON M5S 3H4, Canada
2 Monash Centre for Astrophysics, Monash University, Clay-
ton, VIC 3800, Australia
2012), relativistic ejecta-wind interactions (Tan et al.
2001; Matzner & McKee 1999), or shock break-
outs through thick winds (Balberg & Loeb 2011;
Svirski et al. 2012) have been invoked to explain
the low-luminsoity gamma-ray bursts and smooth,
single-peak γ-ray bursts, as well as X-ray flashes
which appear to constitute a common, weakly
beamed population distinct from the cosmological γ-
ray burst population (Bloom et al. 1998; Cobb et al.
2006; Soderberg et al. 2006; Daigne & Mochkovitch
2007; Guetta & Della Valle 2007; Le & Dermer 2007;
Liang et al. 2007; Chapman et al. 2007; Foley et al.
2008; Virgili et al. 2009).
The dynamics involved in shock acceleration are well
understood in both the non-relativistic (Sakurai 1960;
Matzner & McKee 1999) and relativistic (Pan & Sari
2006; Nakayama & Shigeyama 2005) limits and accurate
approximations exist for the shock velocity and post-
shock acceleration (Matzner & McKee 1999) and tran-
sition from Newtonian to relativistic flow (Tan et al.
2001). Great progress has also been made in understand-
ing the radiation dynamics which terminate shock accel-
eration and release the breakout flash (Blinnikov et al.
2000; Katz et al. 2010; Sapir et al. 2011; Katz et al.
2012; Nakar & Sari 2012; Sapir et al. 2013).
However, all of these theoretical advances assume
strict spherical or planar symmetry. Supernovae
are unlikely to ever be purely spherical, either be-
cause the progenitor star is rapidly rotating or tidally
distorted (e.g., Chevalier & Soker 1989), or because
asymmetries are necessary or inherent to the explo-
sion mechanism (Foglizzo 2001; Blondin et al. 2003;
Ferna´ndez & Thompson 2009) – jet-driven explosions
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(e.g., Khokhlov et al. 1999; Matzner 2003) being an ex-
treme example. Moreover, deviations from spherical
symmetry grow wherever the shock accelerates within
the stellar envelope (while also damping in zones of de-
celeration).
One aspect of the spherical theory strongly suggests
that shock breakout should be strengthened when spher-
ical symmetry is broken. A key feature of spherical ex-
plosions is the very steep decline of kinetic energy with
ejecta velocity: for instance, the kinetic energy above
some high final velocity vf scales as v
−5.2
f for sufficiently
high (but non-relativistic) vf . Small changes in the shock
strength therefore lead to much larger variations in the
high-velocity ejecta. Extrapolating this rule, one might
expect angular variations in an explosion to be accentu-
ated by shock breakout, leading to more vigorous tran-
sients in some directions and even enhancing the high-
velocity share of the total energy budget (Tan et al. 2001;
Matzner 2003).
But this argument still neglects non-radial motions,
which arise naturally in non-spherical explosions. Our
goal in this paper is to account for such motions and
how they alter the dynamics of shock emergence. In fact,
the differences from radial flow can be dramatic. As we
shall see, non-radial flow imposes a new upper limit on
the ejecta speed, which is twice the local pattern speed.
Moreover, where this new limit matters, the flow is de-
flected towards the stellar surface and the photon flash
which accompanies breakout is suppressed.
We classify asymmetrical shock breakouts (§ 2), briefly
considering relativistic and superluminal pattern speeds.
We present analytical results for the case of non-
relativistic pattern speeds (§ 3.1 and § 3.2), and consider
the observational implications (§ 6), and specific super-
novae in § 7. Numerical results for the non-relativistic
case follow in a second paper (Salbi et al. 2013, hereafter
Paper 2).
2. OBLIQUE SHOCK BREAKOUT: ASYMPTOTIC
NON-RELATIVISTIC AND SUPERLUMINAL FLOW
We begin our study of aspherical explosions by review-
ing the spherical theory. Within a spherical explosion,
the dynamics of shock motion enter a regime of planar
motion near the stellar surface. If the stellar density dis-
tribution is polytropic, ρ0(y < 0) = ρh(−y/R∗)n, where
y = r − R∗ is the altitude relative to the stellar sur-
face, then the second-type similarity solution of Sakurai
(1960) applies, in which
vˆs(y < 0) = v1(−y/R∗)−λ. (1)
Variables with hats refer to a spherical or planar flow.
This shock acceleration law is equivalent to the density-
velocity scaling vˆs ∝ ρ−β0 if λ = nβ. After the shock
passes through, each fluid element accelerates to a ter-
minal speed vf (m) which, in the planar solution, is about
twice the shock velocity vs(m) it experienced. In a spher-
ical star, elements from deeper layers suffer spherical ef-
fects which rapidly limit the post-shock acceleration fac-
tor vˆf (m)/vˆs(m).
In spherical theory, the shock-strength coefficient v1
reflects the scale v∗ set by energy conservation, but also
the tendency for shocks to accelerate where the density
declines rapidly. Matzner & McKee (1999) demonstrate
that, if m(r) is the amount of to-be-ejected mass initially
enclosed within r, the approximation
vˆs = C1
(
Mej
m
)1/2 (
m
ρ0r3
)β
v∗ (2)
is accurate to a few percent – even when the coefficient
C1 = 0.794 is matched to a single spherical blastwave
(for ρ0 ∝ r−17/7, which is characteristic of various pro-
genitors, and adiabatic index γ = 4/3) and the exponent
β = 0.19 is matched to Sakurai (1960)’s planar solutions
for γ = 4/3 (intermediate between β = 0.1858 [n = 3],
and β = 0.1909 [n = 3/2]). Accordingly
v1 = C1
(
Mej
ρhR3∗
)β
v∗
to good accuracy in a spherical explosion. Further accu-
racy can be attained by adjusting C1 (Tan et al. 2001)
or β (Ro & Matzner 2013) using information about the
stellar density distribution.
Another fundamental feature of spherical explosions
is the breakdown of adiabatic theory where the shock
optical depth τs = c/(3vˆs) exceeds the vertical optical
depth of the stellar envelope, τ(y) = κyρ(y)/(n + 1);
this condition sets the maximum velocity of planar shock
breakout,
vˆs,max = v1
[
3v1κρhR∗
(n+ 1)c
] λ
1+n−λ
, (3)
and determines the character of the breakout flash. For
sufficiently fast shocks in sufficiently dense envelopes,
those with
(2v1/c)
γp/βκρhR∗ > 2(1 + n)/3 (4)
(where κ is the electron-scattering opacity and γp =
1 + 1/n the polytropic index), the shock becomes rel-
ativistic before breakout, in the sense that vˆs > c/2
according to equation (3). A characteristic distribu-
tion of relativistic ejecta is then produced, and a trans-
relativistic treatment (Tan et al. 2001) is required.
The essential property of non-spherical explosions is
that the strength and timing of the shock are not con-
stant. In other words, both the shock strength v1 and
the time of shock emergence tse vary across the stel-
lar surface, and the two-dimensional gradient of tse de-
fines the lateral pattern or phase speed, vϕ = |∇2tse|−1
at which the emerging shock marches across the sur-
face. We refer to this as obliquity, as it causes the
shock normal to become non-radial. While the impli-
cations of non-simultaneity for the breakout light curve
have been considered by Suzuki & Shigeyama (2010)
and Couch et al. (2011) (and in a preliminary way by
Calzavara & Matzner 2004), implications of obliquity for
breakout dynamics have not.
As vϕ sets the velocity scale for an oblique breakout,
comparing vϕ to the explosion velocity scales v∗ and
vˆs,max reveals when and where obliquity will be impor-
tant. As we shall see in §3, obliquity affects the flow
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when vˆs ≃ vϕ and alters it completely in those parts of
the atmosphere where the spherically symmetric theory
would predict vˆs > vϕ. Globally asymmetric flows have
vϕ . v∗, so that spherical symmetry is never appropriate;
however where vϕ ≫ v∗ the region affected by obliquity
is limited to in a thin outer layer of shock acceleration.
However, when vϕ > vˆs,max radiation transfer affects the
flow before obliquity can, so that shock dynamics and
the radiation flash are little altered. Being a pattern
speed, vϕ can exceed the speed of light, and the spher-
ically symmetric case is realized in the limit vϕ → ∞.
We provide some examples in §5, where we estimate vϕ
for asymmetric explosions of some standard progenitor
models.
Globally-asymmetric flows require global numerical
simulations, but we focus our attention on the case
vϕ ≫ v∗ in which a local treatment is possible. We
neglect radiation transport and consider only adiabatic
flow; for non-relativistic pattern speeds this restricts us
to vϕ < vˆs,max. In this sense our analysis refers to an
asymptotic limit of oblique breakouts, valid anywhere
that shock acceleration is described by Sakurai (1960)’s
planar solution. Given this restriction, we divide the
problem into non-relativistic (v∗ < vϕ < c), trans-
relativistic (vϕ . c), and superluminal (vϕ > c) cases,
bearing in mind that a single explosion might encompass
all three regimes.
In the non-relativistic case, formula (1) implies vˆs(y) =
vϕ at y = −ℓϕ where
ℓϕ = (v1/vϕ)
1/λR∗, (5)
the size of the region where non-radial motion is im-
printed on the breakout flow and the distribution of
ejecta. So long as ℓϕ|∇2 ln v1| ≪ 1 and ℓϕ|∇2 ln vϕ| ≪ 1,
matter meets the shock in steady flow. We analyze the
properties of the non-relativistic post-shock flow in § 3
and Paper 2, using ℓϕ as the fundamental length scale.
For superluminal pattern speeds it is no longer use-
ful to consider the comoving frame of motion. However,
in this case the shock breakout events in each patch of
the stellar surface are spacelike-separated and become
simultaneous in a frame moving tangentially along the
stellar at speed vboost = c
2/vϕ in the same direction as
∇2tse. When vϕ ≫ c so that vboost ≪ c this amounts
to a simple Galilean transformation of the known planar
solution, but when vϕ & c the planar solution must be
re-computed for an atmosphere initially traveling later-
ally at speed vboost before it can be transformed back
into the star’s rest frame. We leave this calculation to a
future paper.
3. TWO-DIMENSIONAL MODEL AND AN ASYMPTOTIC
SOLUTION FOR NON-RELATIVISTIC PATTERN SPEEDS
We wish to characterize in this section that part of
the flow which extends outward from the point (or line)
of shock breakout, through the zone in which obliquity
strongly modifies the shock motion, and into the re-
gion where planar symmetry is a good approximation.
We specialize to the combined limit that vϕ ≪ c (non-
relativistic flow), vϕ ≪ vˆs,max (adiabatic flow), ℓϕ ≪ R∗
(initially planar flow), and both ℓϕ ≪ |∇2 ln(v1)|−1
and ℓϕ ≪ |∇2 ln(vϕ)|−1 (steady flow). As remarked
above, this combination represents an asymptotic limit of
the more general case of non-relativistic pattern speeds,
whose solution is a useful guide even in cases where some
of these assumptions are broken.
Moreover, these limits greatly simplify our analysis be-
cause the flow is now described by only one scale of length
(ℓϕ), of velocity (vϕ), of time (tϕ = ℓϕ/vϕ), and of den-
sity (ρϕ = ρ0(y = −ℓϕ)). In our asymptotic problem,
the stellar density is initially planar in symmetry and a
power-law of depth. Any curvature and unsteadiness of
the shock front involve scales much larger than ℓϕ, so the
shock intersects the stellar surface along a line, and we
consider the two-dimensional flow perpendicular to this
line (or ‘point’) of breakout.
For any combination of the adiabatic and poly-
tropic indices (γ and γp) there exists a unique, uni-
versal solution to the non-relativistic oblique breakout
problem to accompany the self-similar (scale-free) pla-
nar flow described by Gandel’Man & Frank-Kamenetskii
(1956), Sakurai (1960), Matzner & McKee (1999), and
Ro & Matzner (2013). Indeed, for matter originating
well below the obliquity scale (R∗ ≫ |y0(m)| ≫ ℓϕ),
in which the shock normal is almost radial, this planar
solution holds and obliquity is an increasingly minor per-
turbation. Figure 1 depicts the flow on scales of order
ℓϕ.
The flow is stationary in a frame of reference moving
along the stellar surface at velocity vϕ. We define the x
coordinate axis to be orthogonal to the surface normal
and the line where the shock breaks the surface. We
set x = 0 along this line, and define x < 0 upstream
and x > 0 downstream of it. Because the initial density
distribution is effectively planar, the unbroken region of
the stellar surface is defined by y = 0, x < 0.
Steady motion has two immediate implications for the
properties of the shock and the post-shock flow. First, in
this frame unshocked matter flows along the stellar sur-
face at speed vϕ before crossing the shock front; therefore
vϕ is the maximum velocity of flow normal to the shock
front.
Second, in steady flow, mass and energy travel along
streamlines. Ignoring the initial hydrostatic pressure of
the envelope and changes in the gravitational potential
on the scale of interest, the Bernoulli function B, or the
ratio of energy flux to mass flux, is constant everywhere
in the flow and equal to its value in the inflow:
B = 1
2
v2 +
γ
γ − 1
P
ρ
=
1
2
vϕ
2. (6)
Because the pressure P cannot be negative, the pattern
speed vϕ is an upper limit to the flow speed in the steady-
state frame, and as we expect P → 0 in the outflow, the
terminal outflow velocity in this frame is uniquely vϕ. In
the star’s rest frame this translates to a maximum ejecta
speed of 2vϕ, which is achieved if matter is thrown along
the stellar surface (in the same direction as the emerging
shock).
These points highlight one of obliquity’s major effects:
it ends the acceleration of the shock front and post-shock
flow in the outer reaches of the star, a process which
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would otherwise continue until radiative transfer or rela-
tivistic effects set in. This has dramatic implications for
the production of a photon flash and all the other en-
ergetic phenomena surrounding shock emergence, as we
discuss in § 7. (There is an analogous result for trans-
relativistic flows; see § 4.)
A couple additional results follow from the fact that
the shock and the post-shock flow obey the known planar
solution in regions unaffected by obliquity, curvature, or
radiation diffusion. Flow well below obliquity scale is
planar and directed vertically in the star’s rest frame; its
shock motion is described by equation (1) and related
to ℓϕ by (5). Mapping this motion into the steady-state
frame, the surface of the shock (xs, ys) is given by(−ys
ℓϕ
)λ+1
→ (λ+ 1)xs − xs0
ℓϕ
for ys ≪ −ℓϕ. (7)
Here xs0 is an offset of order ℓϕ which accommodates the
fact that obliquity affects the flow in the region y ∼ −ℓϕ,
so that breakout (x = y = 0) does not occur exactly
where one would predict by extrapolating from planar
flow.
Now, consider the end state of this deep matter – that
which originates below the obliquity scale, yet in a re-
gion where the initial density is still effectively planar
(R∗ ≫ |y0| ≫ ℓϕ). The terminal vertical velocity in
planar flow is vˆf (m) = C2vˆs(m) where C2 ≃ 2 (to be
precise C2 = [2.17, 2.03, 1.94, 1.85] when γ = 4/3 and
n = [1.5, 3, 7,∞]; see Ro & Matzner 2013), and our def-
initions imply vˆs(y0) = vϕ(−ℓϕ/y0)λ. Because the flow
is planar below the obliquity scale, vs(y0) = vˆs(y0) for
|y0| ≫ −ℓϕ. The vertical component of this terminal flow
is the same when viewed in the steady-state frame, but
from equation (6) we know that the terminal speed is vϕ
in that frame. For these statements to be consistent,
v′xf =
[
1− C22
(
ℓϕ
−y0
)2λ]1/2
vϕ; (8)
prime denotes the steady-state frame, and the positive
of the two possible solutions is correct. In the star’s rest
frame,
vxf = −

1−
[
1− C22
(
ℓϕ
−y0
)2λ]1/2
 vϕ. (9)
This is valid only in the limit |y0| ≫ ℓϕ, and breaks down
entirely for |y0| < C1/λ2 ℓϕ. Where it is valid it implies
that, in the star’s rest frame, ejecta are deflected by an
angle
arctan
(
vˆs
vϕ −
√
vϕ2 − vˆ2s
)
(10)
from the radial direction.
Recalling our choice for the x coordinate, this means
that the deep matter is thrown slightly forward relative
to the advancing shock in the frame of the star; this is
logical, considering the tilt of the shock front. In the
steady-state frame, equation (8) shows there is a char-
acteristic exit angle which depends upon the depth from
which this matter was excavated. However, these results
rely on the vertical flow adhering to the planar solution,
so they are not valid for small values of the initial depth
|y0|/ℓϕ or when the deflection from vertical becomes sig-
nificant. For matter strongly affected by obliquity we
must consider flow on the scale of ℓϕ or even closer to
the surface, which we address in § 3.1 and § 3.2.
3.1. Shock structure
A full description of the oblique breakout flow on the
scale of ℓϕ requires two-dimensional numerical simula-
tions like the ones we shall present in Paper 2. However,
we can gain some insight by considering the approximate
theory for oblique shocks in inhomogeneous media devel-
oped by Ishizuka et al. (1964). These authors first solve
for the flow induced by a shock front as it runs at some
angle over a contact discontinuity between two uniform
regions. Then, taking the discontinuity to be infinites-
imal and making some assumptions (discussed below)
about the downstream flow, they derive the correspond-
ing change of shock angle. Taking the upstream matter
to have a polytropic pressure-density relation and inte-
grating over the shock surface, they predict the following
relation between the shock angle (µ = − sin(αs) for local
shock angle αs relative to the stellar surface – see §3.2)
and the upstream density ρ0:
ρ0
ρϕ
=
D
1− µ2
(√
8µ2 −
√
8µ2 − 1√
8µ2 +
√
8µ2 − 1
)4/√7
×
(√
7µ2 +
√
8µ2 − 1√
7µ2 −
√
8µ2 − 1
)√2 (11)
for an arbitrary constant D. We have specialized their
equation (4.5) to γ = 4/3. Because ρ0/ρϕ = (−y/ℓϕ)n,
equation (11) fixes the shape of the shock front – its angle
as a function of depth, which can be integrated to give
xs(ys) – up to the scaling factor D.
A remarkable prediction of this theory is that the
shock cannot extend below a minimum angle, µ = 1/
√
8
(or more generally, µ2 = (γ − 1)/(2γ)), and that the
shock cannot reach the surface at this angle. This im-
plies that once the shock has bent within 20.7◦ of the
vertical, it must jump discontinuously in its orientation
(emitting two weak shocks into the downstream flow; see
Landau & Lifshitz 1959) and readjust to the angle at
which it meets the surface. The similarity analysis of
§3.2 implies that this terminal angle is most likely to be
vertical, i.e., at right angles to the stellar surface.
Although Ishizuka et al.’s theory makes definite pre-
dictions, it is based on assumptions which cannot be
correct in detail. In particular, it assumes that the post-
shock flow is hydrostatic (their eq. 3.1b), whereas in
fact stellar gravity is negligible in the downstream flow.
Equivalently it ignores the arrival of sound waves from
the down-stream regions of the flow, a topic considered
by Moeckel (1952). As a consequence, the shock struc-
ture defined by equation (11) does not approach the self-
similar planar solution (eq. 7) for y ≪ −ℓϕ. Indeed,
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Fig. 1.— Schematic of the oblique breakout flow for non-
relativistic pattern speeds in the asymptotic limit v∗ ≪ vϕ ≪
vˆs,max. In a steady-state frame which follows the shock along the
stellar surface, matter flows from the left across the shock at speed
vϕ and is diverted into a spray whose terminal velocity is vϕ in all
directions. Two approximate forms are shown for the shape of the
shock front: an extrapolation of the self-similar shock acceleration
law (eq. (7) with x0s = 0.61ℓϕ, blue dashed line), which is valid in
the limit y ≪ −ℓϕ, and the Ishizuka et al. (1964) approximation
(eq. (11) with Dn = 0.80, green dash-dot line). These constants
are chosen to match values and slopes at y = −1.5ℓϕ (red circle).
For both we assume a polytropic structure with n = 3 and adia-
batic index γ = 4/3. The Ishizuka et al. theory does not continue
past a critical shock angle of 20.7◦ from the vertical; we assume a
transition to a perfectly vertical shock at that point (green dotted
line), for reasons discussed in the similarity analysis of § 3.2. In
the star’s rest frame most of the flow is radial, except that matter
from a layer of width ∼ ℓϕ is diverted to the left.
the hydrostatic assumption underestimates the gradient
of post-shock pressure responsible for accelerating the
ejecta. This leads to a predicted shock angle which is in-
creasingly too oblique at greater depths, as can be seen
by comparing equation (11) to the power-law asymptote
in Figure 1.
Despite this shortcoming, we anticipate that the
Ishizuka et al. model captures features of the shock
structure around the obliquity scale, where µ is relatively
constant and the post-shock pressure is approximately a
multiple of the pre-shock density: it then resembles in
form, if not in magnitude, a hydrostatic distribution. In
Paper 2 we will test the hypothesis that the shock front
adheres to equation (7) deep within the star, but transi-
tions smoothly to the prediction of equation (11) at some
reference depth of order ℓϕ. (A model of this type can
be traced by switching from the blue to the green curve
at the red circle in Figure 1.)
3.2. Similarity Analysis Around the Breakout Point
So long as radiation is well trapped on the scales where
obliquity becomes important (vϕ ≪ vˆs,max), the flow re-
mains adiabatic to much smaller scales (|y| ≪ ℓϕ). In
this case it is reasonable to expect the dynamics to be-
come self-similar as we approach the point (or line) of
breakout. The form of this self-similarity is different from
that of planar shock breakout, as it involves an angu-
lar variation rather than a temporal one. If we suppose
that the explosion shock approaches the stellar surface
at some definite angle and that the matter upstream of
the shock is undisturbed prior to its arrival, then each
streamline should sweep through an identical pattern of
states as a function of angle. But, as we shall see, a
steady flow of this form is not actually possible. This
result, although puzzling, invites speculation about how
the stellar surface is breached.
We work in polar coordinates (̟,α) around the point
where the shock meets the surface. The initial density
distribution is ρ0 ∝ (−y)n for y = ̟ sinα < 0, and zero
for y > 0. Cold matter with this distribution flows to
the right at speed vϕ, and meets a shock of angle αs.
The shock is in the lower half-plane (−π < αs < 0).
Just before the shock the velocity v = v0 = (v0̟, v0α) =
(cosαs, sinαs)vϕ. The shock compression factor is χ =
(γ+1)/(γ−1). Immediately after the shock v = v1 where
v1̟ = v0̟ = vϕ cosαs and v1α = v0α/χ = vϕ(sinαs)/χ.
Just behind the shock, the isothermal sound speed ci =
(P/ρ)1/2 satisfies c2i1 = P1/ρ1 = 2v
2
1α/(γ − 1) = 2(γ −
1)vϕ
2(sinαs)
2/(γ + 1)2.
The post-shock flow is assumed to be self-similar: the
flow velocities v̟, vα and ci are functions only of α, while
the density and pressure are functions of α times ̟n.
The only radial derivative we require is ∂ ln ρ/∂̟ = n/̟.
The equations are as follows. Using the self-similar
ansatz, the equation of continuity, v · ∇ ln ρ+∇ · v, be-
comes
(n+ 1)
v̟
vα
+
∂
∂α
ln(ρvα) = 0. (12)
The equation of adiabatic flow, v · ∇ ln(c2i /ργ−1) = 0,
becomes
vα
c2i
∂
∂α
c2i − (γ − 1)nv̟ − (γ − 1)vα
∂
∂α
ln ρ = 0 (13)
and this can be combined with equation (12) to give
∂A/∂α = 0 for
A = c
2(n+1)
i v
n(γ−1)
α
ργ−1
. (14)
A is an angular integral of motion for self-similar, steady,
adiabatic flow.
The acceleration equation is v·∇v+∇c2i+c2i∇ ln ρ = 0;
its radial component gives
vα
∂
∂α
v̟ − v2α + nc2i = 0 (15)
and the azimuthal component gives
vα
∂
∂α
vα + vαv̟ +
∂
∂α
c2i + c
2
i
∂
∂α
ln ρ = 0. (16)
It is simple to prove that v · ∇B = 0, as we expected,
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in this flow; in our cylindrical coordinates this implies
B = 1
2
(v2̟ + v
2
α) +
γ
γ − 1c
2
i =
1
2
vϕ
2. (17)
Our flow is defined by the angular dependence of four
fluid variables, v̟, vα, c
2
i and ln ρ, of which two can be
eliminated (up to a sign) by the constancy of A and B.
In other words, of the four equations
∂
∂α
v̟ = vα − n c
2
i
vα
, (18)
∂
∂α
vα = −v̟
[
n
c2i
γc2i − v2α
+ 1
]
, (19)
∂
∂α
c2i = (γ − 1)n
v̟
vα
c4i
γc2i − v2α
, (20)
and
∂
∂α
ln ρ =
nv̟
vα
[
c2i
γc2i − v2α
− 1
]
, (21)
only two are needed. Taking the ratio of equations (19)
and (20),
dvα
dc2i
= −vα
c2i
[
(γ + n)c2i − v2α
n(γ − 1)c2i
]
(22)
and this can be integrated to give v2α(c
2
i ):
v2α
c2i
=
n+ γ(n+ 2)
2 +K (c2i )
n+γ(n+2)
(γ−1)n
(23)
where K is an integration constant. Setting K to match
the post-shock state, (γ − 1)c2i1 = 2v2α1,
v2α
c2i
=
n+ γ(n+ 2)
2 + 2(n+ 1)γ+1γ−1 (c
2
i /c
2
i1)
n+γ(n+2)
(γ−1)n
; (24)
v̟ and ρ can then be derived from B = vϕ2/2 and
∂A/∂α = 0, and the angular variable α can be deter-
mined by integrating the inverse of equation (20). In the
physical problem, the flow can only occupy the angular
range αs < α < π; this places a strong constraint on
physically relevant solutions.
Within solution (24) the azimuthal Mach number
squared, v2α/(γc
2
i ), ranges from (γ − 1)/(2γ) < 1 just
behind the shock, to 1 + (n/2)(1 + 1/γ) > 1 for c2i → 0.
The azimuthal sonic point (subscript s) is attained where
γc2is = v
2
αs, or
c2is
c2i1
=
[
n(γ − 1)
2γ(n+ 1)
] n(γ−1)
n+γ(2+n)
. (25)
It is clear from equations (19)-(21) that the azimuthal
derivatives of vα, c
2
i , and ρ diverge at the sonic point
unless v̟ = 0 there, so we assume this is true. Setting
v̟ = 0 and v
2
α = γc
2
i in the Bernoulli equation B =
vϕ
2/2,
c2is =
γ − 1
γ(γ + 1)
vϕ
2. (26)
Combining this with equation (25) and the post-shock
relation c2i1/vϕ
2 = 2(γ − 1)(sinαs)2/(γ + 1)2, we require
that the shock angle satisfies
(sinαs)
2 =
γ + 1
2γ
[
n(γ − 1)
2γ(n+ 1)
]− n(γ−1)
n+γ(2+n)
. (27)
Interestingly, this combination of n and γ is only less
than unity for small values of n (i.e., for γp = 1 + 1/n
greater than 3.14 when γ = 4/3). For astrophysically
relevant cases, condition (27) requires sinαs to be slightly
higher than unity: for instance, when n = 3, γ = 4/3, it
requires (sinαs)
2 = 1.12.
This means that one or more of our assumptions must
be incorrect. One possibility is that the small-scale flow
is non-steady and also self-similar in a discrete sense
(Oren & Sari 2009). Another is that the post-shock flow
wraps around and affects the upstream fluid, so it is not
entirely cold and still in the star’s frame prior to the ar-
rival of the shock. In this case the flow may not in fact
be self-similar.
We draw a few very tentative conclusions. First, for
the shock angle to be as close as possible to the sonic
point condition, we expect sinαs → 1, i.e., that the shock
meets the surface at a right angle. Second, we anticipate
that the post-shock flow spreads out to to fill the space
above the stellar surface, so that streamline angles extend
up to α = π/2. Third, we may find oscillations in the flow
from |y| < ℓϕ. All of these issues remain open questions
for the numerical investigation of Paper 2.
4. TRANS-RELATIVISTIC PATTERN SPEEDS
For a trans-relativistic pattern speed, the oblique flow
may still be adiabatic if the explosion is especially vig-
orous or the star is especially compact. As in the non-
relativistic case, we consider steady flow around the point
of breakout. This flow depends explicitly on the inflow
Lorentz factor Γϕ = (1− vϕ2/c2)−1/2, so there is no uni-
versal solution except in the limit Γϕ ≫ 1.
The relativistic Bernoulli function is the ratio of energy
flux (Γ2wv) to rest mass flux (Γρrestv):
B = Γ w
ρrest
, (28)
where Γ = (1 − v2/c2)−1/2 is the flow Lorentz factor,
ρrest is the conserved rest mass density, and w = p+ρe is
the enthalpy, if ρe is the total energy density in the fluid
frame. B is conserved along streamlines in steady flow,
and this implies a common terminal velocity in the shock
frame just as we found in the non-relativistic case. To
see this, note that B = Γ2c2 in a region of pressure-free
flow; since both the inflow and the terminal outflow are
pressure-free, Γ→ Γϕ in the outflow (as measured in the
steady-state frame).
The outcome of oblique breakout for significant val-
ues of Γϕ depends critically on the angle through which
streamlines bend to achieve their final directions in the
steady-state frame. Suppose the post-shock fluid turns
toward a final angle αf in this frame and accelerates to
its terminal Lorentz factor. Here αf = π scorresponds to
flowing upstream along the stellar surface, and αf = 0
corresponds to no deflection.
Oblique Supernova Shock Breakout 7
Translated into the star’s frame, the ejecta Lorentz
factor is Γϕ
2(1 − cosαf ) + cosαf . Unless αf is very
small (1− cosαf < (Γϕ+1)−1), the ejecta accelerates to
Lorentz factors of order Γϕ
2 (the maximum value being
2Γϕ
2 − 1, for αf = π) and is beamed forward along the
stellar surface within an angle of order 1/Γϕ – as though
it were reflected off a mirror moving with the oblique
shock.
Although this final Lorentz factor is high, it still rep-
resents a limitation of the energy budget in very fast
ejecta. In the planar case, shock acceleration continues
to Lorentz factors Γˆs ≫ Γϕ (so long as the flow remains
optically thick), and the final Lorentz factor of each fluid
element is related to its shock velocity by Γˆf (m) ≃
Γˆs(m)
2.73 (Tan et al. 2001; see also Johnson & McKee
1971). Again, the effect of oblique flow is to end shock
acceleration (Γs ≤ Γϕ) and to deflect the ejecta away
from the radial direction.
5. APPLICATION TO MODEL SUPERNOVAE
How distorted must an explosion become in order for
shock breakout to be strongly affected by obliquity? Let
us address this question in the context of specific models.
Rather than conduct two- or three-dimensional simula-
tions, we consider a few spherical explosions, and apply
angle-dependent perturbations to the shock strength (v1)
and shock arrival time (tse) in each.
Our four models consist of red and blue supergiant
progenitors for Type-II explosions, a compact progeni-
tor for a type Ic supernova, and a high energy broad-
lined type Ic explosion from the same progenitor. All
of these progenitor models were kindly provided by Stan
Woosley and Ken’ichi Nomoto, and used previously by
Matzner & McKee (1999) and Tan et al. (2001). For
each we know the stellar mass and radius, as well as
the run of density and composition with radius. Choos-
ing an explosion energy and ejected mass for each, we
complete our unperturbed models by calculating the run
of shock velocity and integrating to find the unperturbed
shock emergence time tse,1, and by determining the un-
perturbed shock strength coefficient v1,1 and maximum
shock velocity vˆs,max,1. The model parameters are sum-
marized in Table 1.
We then consider perturbations to both the shock
strength v1 and the shock emergence time tse which are
functions of the angle θ from an arbitrary axis. To
be specific, we adopt the patterns which would result
from a homologously expanding ellipsoid: tse(θ) = (1 −
ε cos 2θ)tse,1 and v1(θ) = v1,1/(1−ε cos 2θ). Here 0 ≤ ε <
1 reflects the degree of asphericity; the eccentricity of our
reference ellipsoid is
√
2ε/(1 + ε). From these functions
we derive the pattern speed vϕ(θ) = R∗/[2εtse,1 sin 2θ].
The angle-dependent shock speed limit vˆs,max(θ) is mod-
ified by the factor (1− ε cos 2θ)−δ where δ = 1.13 for the
RSG progenitor, and δ = 1.17 for the others. (The dif-
ference arises in equation (3) from the lower polytropic
index n ≃ 3/2 in the RSG progenitor.)
Shock breakout becomes oblique on those portions of
the stellar surface where vϕ < vˆs,max. Within each model
vϕ
vˆs,max
=
R∗
2εvs,max,1tse,1
(1− ε cos 2θ)δ
sin 2θ
. (29)
Ignoring the variation in vˆs,max, which is minor (because
(1− ε cos 2θ)δ ≃ 1), this ratio takes a minimum value of
R∗/(2εvs,max,1tse,1) at θ = π/4 and becomes infinite at
the pole and equator of the explosion. An oblique region
therefore exists so long as ε ≥ εmin:
εmin =
R∗
2vs,max,1tse,1
. (30)
The critical degree of asphericity, εmin, is listed for each
model in Table 1. If ε > (2/
√
3)εmin (an increase of
only 15%), then half or more of the stellar surface is
engulfed by oblique flow. However an explosion must
have ε ≫ εmin for its surface to include the strongly
oblique limit vϕ ≪ vˆs,max.
Two trends are evident in this table. First, as the
progenitor becomes more extended (from Ic to BSG to
RSG), a more elongated explosion is required to create
oblique flow. This follows from the fact that vˆs,max is ap-
proximately proportional to v∗R−0.3∗ κ
1/6, while R∗/tse
is approximately proportional to v∗, so long as each
of these is non-relativistic. The ratio of these sets
εmin ∝ R0.3κ−1/6 for non-relativistic breakouts. Because
stripped-envelope core-collapse supernovae are intrinsi-
cally more asymmetrical than Type II explosions, oblique
breakout is much more easily achieved in type Ib and Ic
explosions than in Type IIs.
Second, in the hyper-energetic type Ic explosion (an
analogue for SN 1998bw) a higher eccentricity is required
to produce oblique breakout than in the lower-energy
version of the same progenitor. The underlying reason
is that shock breakout is relativistic in both these ex-
plosions, so vˆs,max saturates at c. However the stellar
explosion is non-relativistic overall, so R⋆/tse ∝ v∗. As a
result, εmin ∝ v∗ = E1/2in M−1/2ej for stars compact enough
have relativistic shock breakouts.
In regions of the stellar atmosphere that are not
strongly affected by obliquity (vϕ ≫ vˆs,max), the fastest
ejecta are deflected by an amount given by equation (10),
evaluated with vˆs → vˆs,max.
6. IMPLICATIONS FOR BREAKOUT AND EXTERNAL
SHOCK EMISSION
Non-radial flows accompany a supernova shock as it
traverses the stellar surface, and when the pattern speed
is slower than the terminal shock velocity (vϕ < vˆs,max)
these flows alter all the phenomena associated with
spherically-symmetric shock breakout. The alterations
are:
- Termination of shock and post-shock acceleration. The
shock’s speed is limited above by vϕ, and the maximum
ejecta speed is 2vϕ (when vϕ ≪ c). These upper limits
can be well below what a planar shock would produce.
By quenching relativistic flow, an oblique shock break-
out can therefore forestall the acceleration of high-energy
cosmic rays, the spallation of light nuclei, and the cre-
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TABLE 1
Model core-collapse supernovae and their minimum eccentricitiesa for oblique breakout
Model Mej (M⊙) R∗ (R⊙) Ein (10
51 erg) vˆs,max R∗/tse εmin Reference
RSG 14 500 1 0.0187c 0.0117c 0.31 model s15s7b2 of Woosley & Weaver (1995)b
BSG 15 49 1 0.075c 0.016c 0.11 Shigeyama & Nomoto (1990)b
Ic 5 0.2 1 0.604c 0.0256c 0.02 model CO6 of Woosley et al. (1999)b
Ic-BL 5 0.2 30 0.984c 0.138c 0.07 model CO6 of Woosley et al. (1999)c
a Eccentricity: the shock emerges earlier at the pole than the equator by a factor (1− ε)/(1 + ε).
b Provided by Stan Woosley. Model CO6 represents the progenitor of SN 1998bw.
c Provided by Ken’ichi Nomoto. This model represents the progenitor of SN 1987A.
ation of rapid transients which otherwise arise through
collisions with circumstellar matter.
- Stifling of the breakout flash. In a spherical explo-
sion the maximum shock velocity vˆs,max and the flash of
photons are determined where the shock velocity vˆs(y)
falls below the effective diffusion speed c/[3τ0(y)], where
τ0 = κ
∫ 0
y0
ρ0 dy0 = κρ0y0/(n + 1) is the initial vertical
optical depth. If vϕ ≪ vˆs,max so that the flow becomes
strongly non-radial, obliquity will affect the process.
How well, in this case, do photons escape the emerging
spray of ejecta? To answer this, we consider the com-
petition of diffusion and advection in the steady-state
frame, considering only diffusion along the out-flowing
streamlines. The diffusion speed along each streamline
is approximately c/(3τ) where τ(̟,α) = κ
∫∞
̟ ρ d̟ is
the optical depth to infinity. We evaluate this away from
the region of greatest acceleration (̟ > ℓϕ), so we can
assume each streamline has reached its terminal velocity
vϕ and its terminal outflow angle α. Tracing a stream-
line back to its initial depth |y0|, where matter of density
ρ0(y0) flows across the shock at speed vϕ, mass conserva-
tion requires ρ(̟,α) = (d|y0|/dα)ρ0/̟. The τ integral
diverges logarithmically, so we must truncate it at some
distance ̟out set by curvature of the star or the shock
conditions, rather than∞. Eliminating ρ0 in favor of the
initial vertical optical depth τ0(y0), we have
τ(̟,α)
τ0(y0)
= (n+ 1)
d ln |y0|
dα
ln
(̟out
̟
)
.
Using the condition for planar breakout and the scal-
ing τ0 ∝ yn+10 ∝ vˆ−λ/(n+1)s , we find τ0(y0) =
[c/(3vˆs,max)](vˆs,max/vϕ)
(n+1)/λ(|y|0/ℓϕ)n+1. With this
in the above expression, the condition c/(3τ) > vϕ for
photons to diffuse ahead of the flow becomes
|y0|
ℓϕ
<
[
dα/d ln |y0|
(n+ 1) ln(̟out/̟)
] 1
n+1
(
vϕ
vˆs,max
) 1
λ
− 1
n+1
.
(31)
For example, if n = 3, the condition becomes
|y0|/ℓϕ < 1√
2
[
(dα/d ln |y0|)
ln(̟out/̟)
]1/4(
vϕ
vˆs,max
)1.54
.
Because the factor ln(̟out/̟) is very insensitive to lo-
cation, and adiabatic expansion saps thermal energy at
large distances, we see that when vϕ ≪ vˆs,max, diffusion
can only occur on streamlines very close to the stellar sur-
face (e.g., |y0| ∼ (vϕ/vˆs,max)1.54ℓϕ when n = 3). These
streamlines curve forward in the post-shock flow, and
the considerations in § 3.2 imply that they may in fact
be trapped along the stellar surface and shielded from all
observers by the remainder of the flow.
This calculation indicates that the direct emission from
strongly oblique shock breakouts to be very dim or unob-
servable, perhaps hardly distinguishable from the phase
of decaying luminosity discussed by Chevalier (1992),
Nakar & Sari (2010), and Rabinak & Waxman (2011).3
This conclusion does not apply to those portions of the
stellar surface for which vϕ & vˆs,max, where the shock
is essentially normal and obliquity is a small perturba-
tion. Because the shock strength v1 is likely to correlate
with the pattern speed vϕ (for instance, v1 is likely to be
greatest where the shock first breaks the surface), this
means that the breakout emission is even more strongly
localized than we would expect on the basis of spheri-
cal theory. It also means that the breakout flash in an
asymmetric explosion can be significantly shorter than
the time over which an observer would see the shock
cross the stellar surface (the minimum duration identi-
fied by Calzavara & Matzner 2004, Suzuki & Shigeyama
2010, and Couch et al. 2011), as only part of the stellar
surface can participate.
An important caveat to the above calculation is that
it considers only diffusion along each streamline. Pho-
tons diffusing across streamlines can potentially make
their way from a higher optical depth (we estimate
τ0 ≃ c/(3vϕ)) into the thin layer where diffusion is rapid,
then out ahead of the ejecta. There is a possibility that
multiple scatterings in the shear region between ejecta
and the un-shocked atmosphere would Comptonize these
photons.
- Collisions among non-radial ejecta. Regions of oblique
breakout can nevertheless produce breakout-related tran-
sients through a new channel, because of the non-radial
spray of ejecta forward of the advancing shock. This
spray moves above or along the stellar surface at speeds
up to twice the pattern speed of the shock (or, in the
trans-relativistic case, at Lorentz factors up to 2Γϕ
2−1),
and collisions between ejecta sprays should occur wher-
ever oblique shocks advance toward each other. Because
the collision takes place at radii of order a few R∗, where
the optical depth is decreased, it will be more capable
of converting kinetic energy into radiation than was the
shock which produced it.
3 This phase is sometimes referred to as shock breakout emission,
although it involves spherical expansion and is quite distinct from
the breakout flash.
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Comparing the energy content of non-radial ejecta in
an oblique breakout (vϕ ≪ vˆs,max) to the energy budget
of a planar breakout (vϕ ≫ vˆs,max) with the same shock
strength, we see that the non-radial ejecta receive an
energy comparable to what they would have obtained in
the planar case. Part of this energy is available to be
re-radiated after ejecta collide.
7. DISCUSSION
The theory presented here raises several questions.
First, have oblique-shock breakouts appeared in prior
work? We believe they have, in those multi-dimensional
simulations with sufficient resolution near the stellar sur-
face. For instance, a lateral spray of ejecta is seen ema-
nating from the emerging jet in the collapsar models of
Wang et al. (2008; their fig. 23). In the jet-driven super-
nova simulations of Couch et al. (2011), a band of dense
ejecta forms in the equatorial plane during the phase of
free expansion (their figs. 2-6), which we assume is pro-
duced by the collision of non-radial ejecta from higher
and lower latitudes. Oblique breakout occurs, albeit
strongly modified by gravity, in the propagating neutron
star detonation simulations by Zingale et al. (2001).
Second, how different are previous predictions of
the breakout flash in asymmetrical supernovae from
our findings in § 6? They are quite different.
Calzavara & Matzner (2004) and Suzuki & Shigeyama
(2010) assumed that each patch of the stellar surface
would emit as it does in the spherically-symmetric case,
but this is only true where vϕ > vˆs,max. We find emis-
sion to be stifled in regions of the stellar surface for which
vϕ < vˆs,max, although collisions among ejecta provide a
second chance for emission. In §5 we provided concrete
examples of the degree of asphericity required for oblique
flow to develop within different progenitors, and found
type I explosions to be especially susceptible.
Couch et al. (2011) adopt a very different approach,
post-processing adiabatic simulations to identify a ther-
malization photosphere, which they assume emits as a
blackbody at the simulation temperature. This has the
benefit that it responds to non-radial flows of ejecta; how-
ever, as Couch et al. acknowledge, it is not an especially
realistic treatment of radiative transfer. We expect that
similar global calculations, with an improved radiation
treatment and careful attention to the resolution of the
obliquity scale, will ultimately be very fruitful; however
there is much to be gained from simulations focused on
the obliquity scale.
Third, how do our results affect the interpretation of
specific events which have early observations or have
been associated with shock breakout? We consider sev-
eral examples:
SN 1998bw (GRB 980425) and SN 2003lw (GRB
031203): These over-energetic type Ic supernovae were
both found (Galama et al. 1998; Soderberg et al. 2004b)
by association with short (∼ 35 s and 20 s, respectively),
smooth-pulse, under-energetic GRBs (∼ 1048 erg and ∼
1050 erg isotropic, respectively). Off-axis emission from
a relativistic jet was proposed to explain GRB 980425
(Ho¨flich et al. 1999; Yamazaki et al. 2003), but neither
burst developed the delayed radio afterglow expected in
this model (Soderberg et al. 2004a,b). Whereas the du-
ration and energy of GRB 980425 are marginally con-
sistent with circumstellar interaction around a spher-
ical explosion of SN1998bw (Matzner & McKee 1999;
Tan et al. 2001), GRB 031203 is a hundred times brighter
than a spherical model of SN 2003lw can produce. Given
the strong sensitivity of breakout energetics to aspheric-
ity (§ 1), it may be possible to explain GRB 031203 as cir-
cumstellar interaction following an aspherical, relativis-
tic shock breakout (with some beaming of the emission).
Our results in § 5 imply that part of the surface of SN
2003lw must, in that scenario, have experienced oblique
breakout, so part of its flash could arise from non-radial
collisions. However, the flow is most radial along the axis
of a prolate explosion, so the flash in this direction will
be least affected by the effects of obliquity.
SN 2006aj (GRB 060218): Associated with its
smooth-pulse, soft, half-hour-long, 1049.8-erg γ-ray burst
(Campana et al. 2006), this broad-lined type Ic super-
nova displayed a high degree of early optical linear po-
larization in its first few days (4% for 3 < t < 5 d,
Maund et al. 2007) and in oxygen and iron lines (at
10 d, Gorosabel et al. 2006), which later disappeared in
its nebular phase (Mazzali et al. 2006). Waxman et al.
(2007) interpret GRB 060218 as the emergence of a semi-
relativistic shock from the photosphere of a thick wind.
High early polarization, and the fact that the burst en-
ergy is too great to explain within a spherical model,
imply a strongly asymmetric breakout in the compact
progenitor. We note that any transient produced by
non-radial ejecta would have occurred on a time scale
of order a few R∗/vϕ, briefer than the observed burst. If
such a collision did occur, it was likely hidden beneath
the opaque wind.
SN 2008D (XRF 080109): Identified through its
1046.3 erg, several-hundred-second X-ray flash, this type
Ib supernova showed trans-relativistic initial expansion
(Soderberg et al. 2008). The ∼ 1% intrinsic polarization
(Maund et al. 2009; Gorosabel et al. 2011) and spectral
lines from the deep oxygen ejecta (Modjaz et al. 2009)
indicate some degree of asymmetry, and Couch et al.
(2011) invoke asymmetrical breakout to explain the flash
duration. No direct breakout flash is expected where
the shock’s motion across the surface is slow enough to
make the breakout strongly oblique, a point which makes
this explanation less likely. The flash could instead have
arisen indirectly, from the collision of non-radial ejecta.
SN 2010jp: Smith et al. (2012) interpret triple-peaked
Hα lines in this dim, peculiar type IIn supernova as ev-
idence of jet-like lobes in the high-velocity ejecta, which
along with the very low mass of ejected 56Ni suggest
a jet-driven explosion. Simulations of jet-driven explo-
sions (e.g., MacFadyen & Woosley 1999; Wheeler et al.
2000; Ho¨flich et al. 2001; Couch et al. 2011) show that
jets are typically stopped and contained within extended,
hydrogen-rich envelopes like that of SN 2010jp’s progen-
itor; see Matzner (2003) for analytical criteria on this
point. Strong asymmetry in the high-velocity ejecta
suggest its breakout may have become oblique, trigger-
ing non-radial flows and possibly an equatorial band of
shocked, non-radial ejecta. However, as noted above,
oblique flow is more difficult to achieve in an extended
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star, like the presumed progenitor of SN 2010jp, than in
a compact one. In particular, the models outlined in Ta-
ble 1 would require ellipticities significantly above 11%
or 31% for blue and red supergiant progenitors, respec-
tively, corresponding to equatorial breakouts which lag
the pole by time factors of 1.24 and 1.90, respectively.
SN 2011dh: This type IIb explosion in M51 is now
known to have originated from a yellow supergiant (YSG)
progenitor which has since disappeared (Van Dyk et al.
2013), whereas it was initially identified with a much
more compact star (Arcavi et al. 2011; Soderberg et al.
2012) on the basis of its early luminosity and radio emis-
sion. The discrepancy is a challenge for spherical the-
ory, which robustly predicts the early luminosity evolu-
tion of supernovae (Chevalier 1992; Rabinak & Waxman
2011). Aspherical motions of the high-velocity ejecta
may resolve it, if it is possible for the observed ex-
pansion speed ([2.1 ± 0.7] × 104 km s−1 according to
Bietenholz et al. 2012, or [1.5 ± 0.18] × 104 km s−1 ac-
cording to Horesh et al. 2012) to reflect the oblique upper
limit 2vϕ rather than the planar upper limit C2vˆs,max set
by radiation diffusion. The spherical upper limit is ap-
proximately vˆs,max = 2.0 × 104 (Ein/1051 erg)0.58 km s−1
in Matzner & McKee (1999)’s spherical model for this
YSG explosion.
8. CONCLUSIONS
Avenues for future work include numerical simulations
to complete our picture of the strongly oblique limit for
non-relativistic pattern speeds (Paper 2), and relativis-
tic and superluminal pattern speeds as well. With radi-
ation hydrodynamical codes it will be possible to survey
the critical parameter vϕ/vˆs,max and the transition from
weak to strong obliquity. The possibility that non-radial
flows lead to collisions should be addressed with high-
resolution, multi-dimensional simulations.
We conclude with a couple general comments on the
consequences of a change in the dynamics and emission
from shock emergence in supernovae.
Obliquity not only alters the emission at the time
of shock emergence, but also changes the distribution
of matter and heat across velocity (and angle) in the
highest-velocity ejecta. This is an important considera-
tion when the early luminosity evolution (e.g., Chevalier
1992), early radio emission (e.g., Maeda 2013), or di-
rect breakout emission (e.g., Calzavara & Matzner 2004)
are used to constrain the stellar radius, shock dy-
namics, or circumstellar environment, or when colli-
sions with circumstellar disks (Metzger 2010), companion
stars (Kasen 2010), or nearby proto-planetary systems
(Ouellette et al. 2007) are considered.
Finally, oblique shock breakouts are not restricted
to core-collapse supernovae and jet-driven γ-ray bursts.
They are also expected, and have potentially observable
consequences, in Type Ia supernova explosions of white
dwarfs (Piro et al. 2010), accretion-induced collapses of
white dwarfs (Fryer et al. 1999), subsurface detonations
in white dwarfs and neutron stars (Weinberg & Bildsten
2007; Townsley et al. 2012), and stellar tidal disrup-
tions by massive black holes (Kobayashi et al. 2004;
Guillochon et al. 2009).
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